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Abstract

For a computational flow simulation tool to be useful
in a design environment, it must be very robust and effi-
cient. In order to develop such a tool for incompressible
flow applications, a number of different implicit schemes
are compared for several two-dimensional flow problems in
the current study. The schemes include Point-Jacobi re-
laxation (PR), Gauss-Seidel line-relaxation (LR), incom-
plete lower-upper decomposition (ILU), and the general-
ized minimum residual (GMRES) method preconditioned
with the PR, LR, and ILU schemes. The efficiency of the
schemes is measured in terms of the computing time re-
quired to obtain a steady-state solution for the laminar
flow over a backward-facing step, the flow over an NACA
4412 airfoil, and the flow over a three-element airfoil us-
ing overset grids. The flow solver used in the study is the
INS2D code which solves the incompressible Navier-Stokes
equations using the method of artificial compressibility and
upwind differencing of the convective terms. The results
show that the GMRES method preconditioned with the
ILU scheme outperforms all other methods by at least a
factor of 2.

Introduction

While computational fluid dynamics (CFD) now has a
lot to offer an engineer, there is still room for significant im-
provement. The efficiency and robustness of a flow solver
are two of its most important features if it is to be suc-
cessfully applied as a tool in the design process. This is
especially true of Navier-Stokes methods, which require
very-fine-resolution grids, particularly for high Reynolds
number flows. When engineers need to study a number of
design parameters; they often need to obtain hundreds of
steady-state solutions to a particular problem. Use of op-
timization methods in design may require numerous flow-
field solutions. In both these instances, a flow solver needs
to produce solutions without requiring the user to tune
the input numerical parameters for each computation that
they run.

The goal of the current study is to determine an efficient
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algorithm for obtaining steady-state solutions to the in-
compressible Navier-Stokes solutions for two-dimensional
(2-D) flow problems. There is a wide range of applicabil-
ity of such a flow solver in engineering flow analysis, in-
cluding high-lift multi-element airfoil computations’ and
propulsion flow analysis.? These investigations are being
performed for 2-D flows because these are cheaper - allow-
ing the investigation of many parameters, schemes, and
flow problems - and because a 2-D analysis tool can be
quite valuable in its own right. This study will use the
INS2D flow solver,3* and later the results can be utilized
to improve the INS3D flow solver.?

There are many different types of solution techniques for
steady-state incompressible Navier-Stokes computations,
too numerous to discuss in detail here. The INS2D and
INS3D flow solvers by default use an implicit Gauss-Seidel
line-relaxation (LR) scheme. This scheme has performed
quite well for a large number of different flow problems,'~>
but has shown to have some convergence problems for very
fine meshes with multiple zones. For example, some fine-
resolution, multizone grids used in recent multi-element
airfoil calculations! have taken several thousand iterations
to converge, whereas most cases that are run with this flow

solver converge within 200 iterations.

Recent work in iterative, Krylov-space matrix solvers®’

has shown that some of these methods are applicable to
CFD flow solvers. In particular, the generalized minimal
residual (GMRES) method® is well suited to the matrix
problems arising in implicit CFD solvers. There are two
distinct ways to implement GMRES in a flow solver. One
approach is to use GMRES to solve the linearized sys-
tem of equations resulting from the application of a time-
marching type of scheme, such as an implicit Euler scheme.
The other formulation is to use a nonlinear extension of
GMRES to directly solve the discrete form of the steady-
state equations. The first approach has been attempted
by many authors; see Refs. 9 and 10 for recent examples.
The second approach was introduced by Wigton et al.l!
An important feature of the GMRES method is that its
convergence is dependent on the eigenvalue distribution of
the matrix being solved: rapid convergence requires that
most of the eigenvalues be tightly clustered. This means
that an efficient implementation of the GMRES algorithm
requires that the system of equations needs to be precon-
ditioned.

The current work investigates the use of GMRES to
solve the linearized system of equations in delta form in
the INS2D code. The code for the GMRES solver was
obtained from the template software available as a com-
panion to Ref. 7. The GMRES method can be easily



implemented so that any existing solution process can be
utilized as a preconditioner. One commonly used precon-
ditioner for the GMRES method is an incomplete lower-
upper (ILU) factorization with zero additional fill. See
Meijerink and van der Vorst'? for a discussion of ILU
methods. The ILU solution scheme was added as an op-
tion to the INS2D code, along with a Point-Jacobi relax-
ation (PR) scheme, to go along with the Gauss-Seidel line-
relaxation (LR) scheme already in the code. Presented in
this paper are comparisons between six different solution
processes: the three above algorithms run independently,
and the GMRES method using these three algorithms as
preconditioners, denoted as GMRES+ILU, GMRES+PR,
and GMRES+LR.

In the following sections, the features of the INS2D flow
solver are discussed, followed by a presentation of each of
the implicit methods used in this study. The next sec-
tion presents the computed results of each of these meth-
ods for three different flow problems: laminar flow over a
backward-facing step, turbulent flow over an NACA 4412
airfoil, and turbulent flow over a three-element airfoil.

Flow Solver

The INS2D flow solver®* solves the Reynolds-averaged
incompressible Navier-Stokes equations using the method
of artificial compressibility,!® which adds a pseudo-time
derivative of pressure p is added to the continuity equation,
giving the equation

op -
W _gv.v (1)

where 7 is the pseudo-time, V is the velocity vector, and §
is the artificial compressibility constant. This relaxes the
elliptic nature of the equations and results in a hyperbolic-
parabolic system. The solver is capable of solving both
steady-state and time-dependent flow problems, although
the current study is concerned only with steady-state so-
lutions. The INS2D code is a finite-difference, structured-
grid flow solver. It is capable of handling multiple-zone
grids using either a patched multiblock (pointwise contin-
uous) interface, or an overlaid chimera interface between
zones. The boundary conditions at the physical boundaries
and at zonal boundaries are applied in an implicit fash-
ion during the solution process. A third-order, upwind-
differencing scheme based on the method of Roel'? is used
to discretize the convective terms, and the viscous terms
are differenced using second-order central differences. The
system of equations is integrated in pseudo-time using an
implicit Euler time discretization. The resulting discrete
system of equations has the form

= ¢

where @ is the vector of dependent variables (pressure,
u— and v—velocity components), At is the time-step size

in pseudo-time, the superscript n is the iteration number,
and R is the residual, composed of the discrete form of the
convective and viscous terms. This system is linearized
about pseudo-time-level n, resulting in
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where AQ = Q™! — Q". This equation is iterated until
a steady-state solution is obtained at which time R” = 0.
In the current implementation, the Jacobian of R on the
left-hand side (LHS) of Eq. 3 is formed using a residual
based on first-order differencing of the convective terms,
whereas third-order differencing is used on the right-hand
side (RHS). In addition, approximate Jacobians of flux dif-
ferences from the upwind-differencing scheme are used, be-
cause exact Jacobians of these terms would require the for-
mation of a tensor (see Ref. 15 for more details). The first-
order LHS is used to reduce the bandwidth of the resulting
LHS matrix, resulting in lower memory and computational
requirements for the solution of Eq. 3. However, this use
of approximate Jacobians can also slow the convergence to
a steady state.

For turbulent flow calculations, the current study uses
the turbulence model of Baldwin and Barth.'® This model
requires the solution of a single convective-diffusive partial-
differential equation. This equation is uncoupled from the
mean-flow equations during the solution process. The con-
vective terms in the turbulence model are discretized us-
ing a first-order upwind-differencing scheme. The resulting
discrete equation for the turbulence model has the same
form as Eq. 3, except () now represents a single variable
at each grid point instead of three variables; the LHS of
Eq. 3 is a banded matrix composed of five diagonals, each
containing scalar entries. In all cases presented here, the
turbulence model equation is solved using the same im-
plicit scheme as the mean-flow equations.

Implicit Schemes

If Eq. 3 was solved exactly at each time step, and if
the LHS of Eq. 3 was composed of the exact Jacobians,
and an infinite time step was used, this would be a New-
ton iteration. In this case, quadratic convergence could be
obtained if the Q" was close to the exact solution. Since
the LHS is composed of an approximate Jacobian of the
RHS, and since the turbulence model is uncoupled from
the mean-flow equations, the current solution procedure is
not a Newton iteration. Thus the goal is to obtain an ap-
proximate solution to Eq. 3 in an efficient manner. Several
methods are used to attempt to do this. The discrete form
of the matrix from the LHS of Eq. 3 is a pentadiagonal
banded matrix, where each entry on the diagonal consists
of 3 x 3 blocks. Equation 3 can be written as

[D,0,...,0,A,B,C,0,...,0, E]AQ = —R" (4)

where A, B, C', D, and E are the block diagonals. In the
implementation of all of the implicit schemes, the code first



computes and stores all the terms in Eq. 4 and then pro-
ceeds with the solution procedure. This storage requires
48N words, where N is the total number of grid points.
In the following, a subscript i refers to a single grid-point
index when one can consider all of the grid points in a sin-
gle vector of length N. The subscripts j and k are indices
in the two computational-space directions ¢ and 7, respec-
tively. When the data are stored in a single index vector,
it is done so that j is the fastest changing (inner) index.

ILU Factorization

In the ILU formulation, the matrix on the LHS of Eq.
4 is replaced with the following factors:

[D,0,..0,A,B[B] " [B,C,0,..,0,E]

B! = B; — A;C!_, — D;E!

i—jmax

c'=[B]'Ci

(3

El =B E;

K3

Multiplying these factors together, one sees that a matrix
of the same structure as the original LHS is obtained, ex-
cept that there are additional diagonals of nonzero entries
created just above the D diagonal and just below the E
diagonal. These new entries are ignored in the approxi-
mation. This is known as ILU with zero additional fill,
or ILU(0). See Ref. 12 for details on implementing ILU
schemes with additional fill.

The ILU solver requires some significant initialization
work; namely, the computation and storage of the B’ di-
agonal. This requires 9N extra storage locations. When
used as a preconditioner, this is done once at the beginning
of the GMRES solution process and used repeatedly dur-
ing the GMRES iteration cycle. This new set of factors
gives an easy system to solve. The solution process can
be vectorized by setting up an inner loop operating on all
points on a diagonal line defined by j7 + k& = constant.

Point Relaxation

The PR algorithm iteratively solves a block diagonal
system formed by multiplying all the non-main block di-
agonals by the current estimate for AQ and moving this to
the RHS. This is done for each point, sweeping sequentially
through the mesh. A forward sweep is composed of

[B]AQ'T! = —R"—[D, 0, ...,0, AJAQ'+!

—[C,0,...,0, E]AQ"
and a backward sweep is performed by solving

[B]AQ't! = —R"—[D, 0, ...,0, A]JAQ"

—[C,0,...,0, E]JAQ"+!

In the current computations, a forward sweep plus a back-
ward sweep counts as one sweep, denoted as PR(1). The

solution process is initialized by setting AQ to zero. Then,
a lower-upper (LU) factorization of the B block is formed.
Thus the number of operations to solve this equation is
minimized during the repeated sweeping process. This
process can be vectorized by setting up an inner loop to
compute AQ for all points on a diagonal line through the
mesh given by j + k = constant.

Line Relaxation

The LR process is similar to the PR method, except that
more terms are kept on the LHS and a block tridiagonal
system of equations is solved for an entire grid line at once.
The algorithm is implemented so that either computational
direction can be selected to be the sweep direction. For
solving lines of constant &, a forward sweep is composed of

[A, B,C]AQ™! = —R" — [DJAQ™! — [E]AQ!
and a backward sweep is performed by solving

[4, B,C1AQ™! = —R" — [D]AQ' - [E]AQ"

A forward plus a backward sweep counts as two sweeps and
is denoted by LR(2). This process is also initialized by set-
ting AQ to zero. Then, an LU factorization of the tridiago-
nal system is formed to minimize the number of operations
during the sweeping process. The sweeping process is re-
cursive and cannot be vectorized. It should be noted that
the LR and PR schemes each require the same number of
operations per point per sweep, because whereas the PR
only has to solve a block diagonal system instead of a block
tridiagonal system, it has additional block vector multiply
operations for the additional RHS terms. The PR scheme
will run faster on a vector computer because it can be vec-
torized. In practice, the PR routine runs about twice as
fast as the LR routine on a Cray C-90 computer.

In both the PR and LR algorithms, zonal boundary
conditions are enforced during the sweeping process. Typ-
ically, multiple sweeps are performed at each iteration.
When computing a multiple zone grid, all zones are swept
once before moving onto a second sweep. After each zone
is swept, this new AQ'! is passed to all other zones that
use this zone for their boundary conditions. In this fashion,
information is propagated across zonal boundaries implic-
itly.

GMRES Method

The GMRES procedure of Saad and Schultz® is an iter-
ative procedure for solving the linear system of equations
of the form

Mz—5=0
or, in the left preconditioned form
PMz—Pb=0

where P is the preconditioner which is an approximation to
M~1'. The preconditioned matrix PM will have a smaller



spectral radius than M, resulting in faster convergence
for the GMRES procedure. A GMRES procedure using
k search directions, known as GMRES(k), forms an ap-
proximation to the solution vector = given by

Tp =0+ y1v1+ ...+ YrVk

where z( is an initial guess to the solution z. The v; are
orthonormal vectors formed from the process

T = PMLO — Pb,'Ul = 7’0/”7“0”
Iterate: For j = 1,2,...,k:

hij = (PMvj,v;), 1=1,2,..,]

Wi = PM’U]' — hl,j'Ul — h27j'U2 —_ hjyj'U]'
hjy1; = [lwjg]l
vjt1 = wjp1/||wjal|

The y; coefficients are computed so that the norm of the
residual || Mz —b|| is minimized. An estimate of this norm
is available during each iteration of the solution process
as a function of the h;; variables. The process requires
approximately (44+k)*3* N words of memory to apply to
the mean-flow equations; therefore, it is not practical to
use large values of k. Because of this memory usage, in
the current work k is limited to no more than £ = 10.
A restart capability of the GMRES algorithm allows the
iteration process to continue beyond k = 10 in this case.
This is done simply by setting o = z1¢ and restarting from
the beginning. If a total of 30 GMRES search directions
is specified to the code, then two restarts are used. This is
designated as GMRES(30).

The GMRES algorithm is implemented here so that the
iterations can be stopped based on either of two criteria.
The first is simply to specify the maximum number of
search directions to be used. The second is to specify a
tolerance for the error. One advantage to the GMRES
process is that an accurate estimate of the norm of the
residual is computed as part of the solution process. Using
numerical tests, it was found that it was generally more ef-
ficient (in terms of obtaining a converged steady-state flow
solution) to specify a set number of search directions for
GMRES than it was to specify a tolerance for the norm of
the residual.

Because the preconditioner must be utilized once for
each GMRES search direction, it needs to be relatively
cheap. Thus, when the PR and LR schemes are used as a
preconditioner for GMRES, only two sweeps of the relax-
ation process are used.

Computed Results

Each of the different methods has been tested for three
different geometries: laminar flow over a backward-facing
step, turbulent flow over an NACA 4412 airfoil, and tur-
bulent flow over a three-element airfoil. For each geometry

and each method, calculations were run to determine an
optimal time-step size, an optimal value for 3, and an op-
timal number of relaxation sweeps or GMRES search di-
rections. These calculations determined the best possible
performance of each method for a particular case; then the
most efficient run of each method was used to determine
the best method for each case. Most cases ran best us-
ing an infinite time step, which is implemented by setting
A7 =10'% so that 1/Ar is on the order of machine zero.
In some cases, this large time step resulted in an instabil-
ity, and the time step was reduced. In other cases, a large
time step remained stable, but a smaller time step resulted
in better efficiency. Testing different time-step sizes usu-
ally involved running with A7 = 102, 10.0, 1.0, and 0.1.
To test different value of 3, cases were run using values of
0.1, 1, 5, 10, 20, 50, 100, and 200.

In each comparison, the maximum divergence of veloc-
ity is plotted versus computing time, given in central pro-
cessing unit (CPU) seconds on a Cray C-90 computer. In
addition, symbols are overlaid on the plotting line at every
50 iterations, indicating the number of iterations required
by each method. Most cases are run until the divergence of
velocity reaches machine zero. In general, a useful steady-
state solution has been obtained long before this value
is reached; usually this requires only that the maximum
nondimensional divergence of velocity be reduced to ap-
proximately 1072, Finally, for each computational test
case, a table summarizing the convergence characteristics
for each scheme is presented. The following parameters are
given in these tables: the value of 7 and A7 used in the
run; the amplification factor, or average factor by which
the residual is reduced at each iteration; the computing
time used per point per iteration, given in microseconds;
and the computing time in milliseconds used to converge
the solution divided by the number of grid points. To gen-
erate these numbers; the solution was considered converged
when the maximum nondimensional divergence of velocity
dropped below 1073. While the amplification factor and
computing time per point per iteration are useful charac-
teristics of an algorithm, they do not give a true measure
of the efficiency; the last column in these tables is the best
measure of the overall performance of the algorithm.

Backward-Facing Step

The laminar flow over a backward-facing step was com-
puted for an expansion ratio of 1 to 1.94. The Reynolds
number, based on the downstream height and the average
inflow velocity, was 800. Figure 1 shows a close view of the
grid near the step and the specified inflow velocity vectors.
The inflow was 2 step heights upstream of the step, and
the outflow boundary was placed 50 step heights down-
stream of the step. A single-zone H grid with dimensions
of 160 x 61 was used. The grid points inside the step were
blanked out, and the no-slip boundary conditions for the
step faces were applied to internal grid points. This flow
problem has been used previously as a validation case® for
the INS2D flow solver. These previous results showed good



agreement with the experimental results of Armaly et al.!”
The Reynolds number 800 case was the highest Reynolds
number run in this previous study and was the slowest to
converge.

Fig. 1 Grid and inflow velocity vectors for the
backward-facing step flow.

For the backward-facing step flow, the only schemes
which did not run best with an infinite time step were
the ILU scheme, which was unstable for A7 > 1.0, and
GMRES+LR, which was more efficient with A7 = 100.
Figure 2 shows the convergence for each scheme for a dif-
ferent number of sweeps/search directions. The LR scheme
is best when using only 10 sweeps; the efficiency of the PR
scheme is nearly constant as long as it is using at least
10 sweeps. The GMRES schemes are most efficient using
either 5 or 10 search directions. For all these schemes, it
can be seen that when more sweeps/search directions are
used they converge in fewer iterations, but the penalty of
extra computing time per iteration causes this approach
to be less efficient. Figure 3 shows the best convergence
plot for each method for the backward-facing step flow;
a summary of the convergence properties is shown in Ta-
ble 1. Figure 3 and the last column of Table 1 show that
GMRESHILU converges faster than all other methods; the
PR method is not far behind. The GMRES+LR scheme
is less efficient than the LR scheme alone, even though it
converges in significantly fewer iterations. The LR scheme
shows the lowest amplification factor, but at nearly double
the cost per iteration as the GMRES+ILU method and
thus requires more time to converge.
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Fig. 2 Convergence for the backward-facing step
flow.
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Fig. 3 Summary of convergence for the backward-
facing step flow.

Table 1 Convergence for backward-facing step

Scheme B8 At AF. pus/pt/it ms/pt
LR(10) 0.1 10'2 0.818 40.1 2.17
PR(10) 05 10' 0.912 16,7  1.69
ILU 0.1 1 0.994 9.9 23.00

GMRES(5)+LR 0.1 100
GMRES(10)+PR 0.1 102
GMRES(10)+ILU 0.1 10'2

0.788 61.4  2.70
0.850 32.9 1.97
0.826 21.1 1.14

NACA 4412 Airfoil

The flow over an NACA 4412 airfoil at a Reynolds num-
ber of 1.5 million and an angle of attack of 13.87 degrees
was computed using four grids of varying refinement. The

dimensions of these grids are 119 x 31, 237 x 61,473 x 121,
and 945 x 241. These will be referred to as grids 1, 2,
3, and 4, respectively. Grids 1, 2, and 3 were generated
by removing every other point in each direction from the
succeeding finer grid. The normal spacing on the finest
grid was set to 5 x 107° chords. Figure 4 shows the air-
foil configuration with grid 1. This configuration has been
studied experimentally by Coles and Wadcock.'® Previous
computations with the INS2D code!® showed good agree-
ment with the experimental data. At this angle of attack,
the airfoil is near stall conditions and has a small amount
of separation occurring at the trailing edge.

1
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|

Fig. 4 119 x 31 grid around the NACA 4412 airfoil.

In the computations using grid 1, all the methods ran
with a time step of 102, Figure 5 shows the convergence
for each scheme for a different number of sweeps/search di-
rections. The LR scheme is most efficient using five sweeps,
as seen in Fig. ba. The PR runs converged well for 10,
20, and 40 sweeps, with 20 being the best. The GMRES
schemes again show a loss in efficiency when using more
than 10 search directions.

Figure 6 plots the best convergence of each method.
This figure shows similar trends to the backward-facing
step problem: GMRES+ILU outperformed all other meth-
ods. Table 2 shows that all the GMRES methods had
remarkably low amplification factors, below 0.7, for this
case. All methods had higher cost per point per iteration
for this case because the smaller dimensions led to shorter
vector lengths. The cost per point to converge for the GM-
RES+ILU was the same as the laminar backward-facing
step flow.
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Fig. 5 Convergence for the flow over an NACA

4412 airfoil.
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Table 2 Convergence for NACA 4412 grid 1

Scheme 8 At AF. pus/pt/it ms/pt
LR(5) 10 10'? 0.862 178 1.98
PR(20) 10 10'? 0.785 348 231
ILU 20 102 0.959 9.1  3.55
GMRES(10)+LR 5 10** 0.680 73.8  3.17
GMRES(10)+PR 5 102 0.682 49.3  2.12
GMRES(10)+ILU 5 10** 0.676 272 1.14

The results for grid level 2 are shown in Fig. 7 and in
Table 3. For this grid, the GMRES+ILU approach out-
performs all of the other methods by at least a factor of 2.
In all cases, the amplification factor and the cost per point
has increased with the increase in grid density.
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Fig. 7 Convergence for the flow over an NACA
4412 airfoil with grid 2.

Table 3 Convergence for NACA 4412 grid 2

Scheme B AT  ATF. pus/pt/it ms/pt
LR(10) 50 10'? 0.888 25.2  3.68
PR(20) 50 10*% 0.914 26.6  5.13
ILU 10 0.1 0.990 6.7 12.00
GMRES(5)+LR 5 10'% 0.827 40.5  3.77
GMRES(10)+PR 50 1.0 0.865 374 448
GMRES(10)+ILU 5 102 0.780 19.6  1.45

Based on the results thus far, it is apparent that LR
and PR are too expensive to be used as effective precondi-
tioners for GMRES. It was also found that the ILU scheme
alone cannot handle finer grid cases, as evidenced by the
decay of the ILU amplification factor to 0.99 for the pre-
vious case. Thus, for the remainder of test cases in this
study, these three approaches have been eliminated. The
results of the three remaining methods for the grid 3 case
are shown in Fig. 8 and Table 4. All three methods ran
best using a time step of 1.0. Again, the GMRES+ILU
computations outperform the LR and PR runs by over a
factor of 2.
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Fig. 8 Convergence for the flow over an NACA
4412 airfoil with grid 3.
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Table 4 Convergence for NACA 4412 grid 3

Scheme 8 Ar AF. ps/pt/it ms/pt
LR(10) 100 1.0 0.953 232 879
PR(40) 5 1.0 0.929 513 12.56
GMRES(10)+ILU 5 1.0 0.917 187 391

Computations for grid level 4 showed that only the GM-
RES+ILU scheme would converge for this problem. The
results of this run are shown in Fig. 9 and Table 5. Exam-
ining the trend of the convergence rate over all four grid
levels shows that all methods suffered an increase in the
amplification factor with increasing density. The effect of
this is shown in Fig. 10, which plots the CPU time required
to reach convergence per point versus the grid level for all
the airfoil computations. Even the most robust method,
GMRES+ILU, saw an order-of-magnitude increase in this
CPU cost from the coarsest grid to the finest grid. All
of the methods required a reduction in the time-step size
as the grid levels increased. Increasing the [ parameter
tended to be a stabilizing influence; the LR and PR meth-
ods tended to require larger § for the finer grids. One
distinct advantage of the GMRES+ILU method is that it
had optimum convergence with the same value of § for all
the grid levels.



6:
10 ?

47 —@— GMRES(10)+ILU(0), beta=5, dtau=1.0
10 :
Q E
e 2]
& 10"
g
v 0
0O 10 :
= 2
10 ;
4]
10 j

0 500 1000 1500 2000 2500
CPU seconds

Fig. 9 Convergence for the flow over an NACA
4412 airfoil with grid 4.

Table 5 Convergence for NACA 4412 grid 4

Scheme B Ar AF. us/pt/it ms/pt

GMRES(10)+ILU 5 1.0 0.961 231 112
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Fig. 10 CPU time to converge per point versus
grid level for the flow over an NACA 4412 airfoil.

Three-Element Airfoil

The flow over a three-element airfoil was computed at
an angle of attack of 8.0 degrees and a Reynolds number of
9 million. This geometry has recently become a standard
test case for multi-element airfoil flows. This geometry

is a McDonnell-Douglas airfoil and has been tested exten-
sively at the NASA Langley Low-Turbulence Pressure Tun-
nel (LTPT).2% The configuration consists of a leading-edge
slat deflected 30 degrees and a trailing-edge flap deflected
30 degrees. This geometry has been used as a test case for
the INS2D flow solver for a number of turbulence model
and grid resolution studies.! The grid and flow conditions
of the current problem was one of the most difficult cases
to converge in the previous study.

Figure 11 shows the grids used for the three-element air-
foil. For clarity, only every other grid line in each direction
is shown. A total of 68,000 grid points and six zones were
used: a 121 x 41 C grid around the slat (top of Fig. 11); a
321x 101 C grid around the main element (near field shown
in middle of Fig. 11); a 141 x 51 C grid around the flap
(top of Fig. 11); a 41 x 31 H grid in the wake of the flap
(bottom of Fig. 11); a 131 x 61 H grid extending from the
main elements’ flap cove to the downstream far field (bot-
tom of Fig. 11); and a 141 x 101 embedded grid above the
flap, used to help resolve the merging wake in this region
(middle of Fig. 11). The normal wall spacing for all grids
is 2 x 107° chords. The overlaid chimera scheme allows
individual grids to be generated for each airfoil element.
When the grid for one element intersects another airfoil el-
ement, a hole is cut to remove grid points lying inside the
element. This creates a hole boundary. The fringe-point
variables on the hole boundaries are updated by interpo-
lating the value of the dependent variables from interior
points of neighboring grids. Similarly, the variables on
the outer boundaries of all but the main-element grid are
updated using interpolation of dependent variables from
neighboring grids.
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Fig. 11 Grid around the three-element airfoil.

The LR and PR computations for this configuration re-
quired a reduction in the time step to A7 = 1.0 in order to



remain stable; GMRES+ILU ran with a time step of 1012,
The LR computations were extremely slow to converge and
were found to benefit from a further decrease in the time
step during the calculations, and so the LR time-step was
decreased by a factor of 2 every 250 iterations. The PR
computations did not suffer from the same problems. As
can be seen in Figs. 12a and 12b, the PR computations
converged well for sweeps of 10 or greater, whereas the
LR computations could just barely converge in one hour
of CPU time. The GMRES+ILU computations performed
best with 10 search directions as shown in Fig. 12c. The
best performance of each method is plotted in Fig. 13 and
shown in Table 6. It can be seen that the GMRES+ILU
method outperformed the other two; it converges about
nine times faster than the LR scheme, and about three
times faster than the PR computations.
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Fig. 12 Convergence for the flow over a three-
element airfoil.
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Fig. 13 Summary of convergence for the flow over
a three-element airfoil.
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Table 6 Convergence for three-element airfoil

Scheme B At AF. pusec/pt/it msec/pt
LR(10) 100 1.0* 0.990 22.6 49.7
PR(20) 10 1.0 0.927 52.8 14.7
GMR(10)+ILU 10 10'? 0.892 29.2 5.37

* At reduced by a factor of 0.5 every 250 iterations.
Conclusion

Several implicit schemes have been implemented into
the INS2D code and tested for the flow over a backward-
facing step, an NACA airfoil, and a three-element air-
foil. The results indicate that the GMRES method pre-
conditioned with ILU factorization outperforms line relax-



ation and point relaxation and that the latter two meth-
ods are not efficient preconditioners for GMRES. The GM-
RES+ILU method has provided between a factor of 2 and
9 improvement in CPU costs over previously published re-
sults of the INS2D code. In addition, the point-relaxation
scheme performed remarkably well for the three-element
airfoil problem. Extensive tests have indicated that GM-
RES is most efficient when using 10 search directions; if
more search directions are used, the computation will con-
verge in fewer iterations, but at a greater cost. The GM-
RES+ILU algorithm also remained more stable than the
LR or PR methods; it ran with larger time-steps and did
not require an increase in the value of the artificial com-
pressibility constant 3 for the finer grids used in the NACA
4412 airfoil calculations.

The GMRES+ILU algorithm has been shown to work
quite well for a 2-D flow solver. As it was utilized here, it
will not be as suitable for a three-dimensional flow solver
because of enormous memory requirements. Future work
will concentrate on utilizing a matrix-free method of the
GMRES algorithm. The most important part of this work
will be determining an effective preconditioner which will
not require significant amounts of memory.
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